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^ 1 Introduction 

a 

^ Group actions are fundamental to understanding geometry of both groups 

'— ' and spaces on which groups act. Actions of groups on Banach spaces by affine 

^ endomorphisms, that are additionally required to be uniformly continuous, or 

>■ isometric, are particularly natural objects to study. 

In addition to its geometric appeal, this topic has a natural connection 
\^ with cohomology: various geometric properties of affine actions can be trans- 

lated into statements about the first cohomology group of G with coefficients 
Cn| in the G-module formed by the Banach space E with the representation n. 

This cohomology group is denoted H^{G,n). Our main interest in this article 
^ will be the existence of fixed points for affine actions. In the context of group 

^ cohomology, fixed point properties correspond to the vanishing of cocycles. 

• ^-j In the case when ;r is a unitary representation on a Hilbert space the 

rS problem of establishing fixed point properties is motivated by property (T), 

introduced by Kazhdan. For a group G this property is equivalent to the fact 
that every affine isometric action of G on a Hilbert space has a fixed point. 
Equivalently, the cohomology H^(G,n) vanishes for every unitary represen- 
tation TT of G on a Hilbert space. 

Recently there has been growing interest in extending such rigidity prop- 
erties to other Banach spaces, but even for such familiar classes as the Lebesgue 
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spaces Lpifj.), or even spaces isomorphic to the Hilbert space, this program 
proved to be challenging. The lack of orthogonality presents a significant dif- 
ficulty and new methods have to be developed to prove fixed point properties 
in this general setting. 

Our goal here is to give a fairly complete account of these recent develop- 
ments and their applications. We purposely focus only on the case of Banach 
spaces which are not Hilbert spaces, discussing the latter case mainly as 
motivation. In the case of Hilbert spaces Kazhdan's property (T) has been 
extensively studied and there are many sources available, see for instance [8] 
and the references therein. 

We also discuss the opposite property of existence of a metrically proper 
affine isometric action on a Banach space, known in the case of a Hilbert 
space as a-T-menability or the Haagerup property. An interesting phenomenon 
in this context is the existence of proper affine actions of hyperbolic groups on 
Lp -spaces for p > 2 sufficiently large. The interplay between the existence of 
proper actions and existence of fixed points has applications to the geometry 
of groups, for instance it allows to estimate various dimensions of boundaries 
of random hyperbolic groups. 

We do not include proofs, instead we indicate, whenever possible, the 
ideas and methods behind the results. We also tried to include a compre- 
hensive list of references. 
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2 Preliminaries 

2.1 Geometric properties of Banach spaces 

We will recall here several standard facts about Banach spaces and their 
geometry. This material can be found in many texts, we particularly recom- 
mend [9,28,44, 74]. 

By y* we denote the continuous dual of the Banach space V. We will be 
interested in various Banach spaces, in general other than the Hilbert space. 
A particularly important class of examples is the class of Lebesgue spaces 
Lp{D.,iJ.) for 1 < p < oo. Many geometric features of Banach spaces can be 
expressed as a measure of their convexity. 

Definition 1. A Banach space (V, || • |l) is said to be strictly convex if 

v + w 



whenever \\v\\ = \\w\\ = 1 and v t^w. 
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It is not hard to check that, for instance, the spaces ^i(f2) and £ooi^), 
where f2 is a set with at least two elements, are not strictly convex. Simi- 
larly the space co(D.) of functions vanishing at infinity, is not strictly convex. 
However, both £iiD.) and coiD.) are separable and we have the following 

Proposition 2. Every separable Banach space has an equivalent strictly con- 
vex norm. 

Indeed, every separable Banach space V admits an injective operator 
T -.V ^ H into a Hilbert space H and the norm ||i;||' = \\v\\v + \\Tv\\h is an 
equivalent strictly convex norm on V. 

When 1 < p < oo the Lebesgue spaces LpiD., jj.) satisfy a stronger convexity 
property. 

Definition 3. A Banach space {V, || • |l) is said to be uniformly convex if for 
every £>0 there exists 5>0 such that 



V + w 



<l-6. 



2 

whenever \\v\\ = \\w\\ = 1 and \\v-w\\ >e. 

Another class of uniformly convex spaces is given by the Schatten p -class 
operators. A linear operator T : Hi H2, where Hi,H2 are Hilbert spaces, is 
of Schatten class p > 1 if 

trace \T\p = trace(T* T)P'^ < 00. 

The space of such operators, denoted 'i^p, is a Banach space with the norm 
\\T\\p = (\T\P)^'P. This definition can be generalized further to define non- 
commutative Ljo-spaces, see e.g. [65]. 

A Banach space, which admits an equivalent uniformly convex norm is 
called superreflexive. Such spaces are automatically reflexive. 

Definition 4. A Banach space V is said to be uniformly smooth if 
as t-^ 0, where 

f lli^ + w^lly + l|y-w^lly -, „ „ -, „ „ 1 
p(i) = supj 1 ||y||y = 1,||3/|| <i^, 

is the modulus of smoothness ofV. 
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A Banach space V is uniformly smooth if and only if its dual V * is uni- 
formly convex. The three conditions of having an equivalent uniformly convex 
norm, an equivalent uniformly smooth norm, and an equivalent uniformly 
smooth and uniformly convex norm are all equivalent. 

A Banach space V is said to have type p > 0, if there exists C > such 
that for any neN and a collection of vectors vi,...,Vn^V, the inequality 

P 



i=l 



i = \ 



holds, where A„ = {(ai, . . . , a„) : at e {-1, 1}}. There is a dual notion of cotype 
of a Banach space, and we refer to [20, Chapter 11] for details. The inequality 
is a weak version of the Hilbert space parallelogram law. Indeed, induction 
of the parallelogram law gives the equality 

2 



("1, 



..,a„)eA„ 



i = l 



i = l 



A superreflexive space has type > 1. We refer to [20, Chapter 11] and [28] for 
more details on type, cotype and their applications. 

Definition 5. Let V be a Banach space. A closed subspace W qV is said to be 
complemented if there exists a closed subspace W qV such that V = W ® W. 

Equivalently, W is complemented in V if and only if there exists a bounded 
projection P : V — W. A theorem of Lindenstrauss and Tzafriri [37] states 
that a Banach space, whose every closed subspace is complemented, is iso- 
morphic to the Hilbert space. 

Given a family {{Vi,\\ ■ \\Vi)}i^i of Banach spaces we define the p-direct 
sum of the Vi , denoted 




as the norm completion of the algebraic direct sum 0ie/ Vi in the norm 
. We have the identity 



{Vi}\\ = 



i je/ 



where — i — = 1, see [74]. 
P q 

A Banach space V is said to be L-embedded, if V is complemented in its 
second dual V** and V** =(V ® V')i, where V denotes the complement of V 
inV**. 
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2.2 Representations, cocycles and cohomology 

Let G be a discrete countable group and let V be a Banach space. A repre- 
sentation of G on V is a homomorphism n :G BinviV) into the group of 
bounded invertible linear operators on V . The representation n is said to be 
isometric if is an isometry for each ^ e G; tt is said to be uniformly bounded 
if supgeg IItt^II < oo. By means of the representation n we turn V into a Ba- 
nach G -module and we can consider the cohomology of G with coefficients in 
the G-module iV ,n), usually referred to as cohomology with coefficients in n 
and denoted H*iG,n). 

We will focus on the 1-cohomology group H^{G,n), which is closely related 
to affine actions of G on V . More precisely, an affine map A:V isa "linear 
map+translation" , 

Av = Tv + b, 

for every v eV , where T e B{y) and b . Given a representation n, an affine 
TT-action of G on V is an action by affine maps Ag with the linear part defined 
by the representation n; i.e., 

AgV = ngV + bg, (1) 

for every v , where 6 : G ^ V satisfies the cocycle condition, 

bgh = 7igbh + bg. (2) 

Such a b will be called a cocycle for n. Another way to phrase this is that 
an affine action is a homomorphism into the semi-direct product Aff = V x 
BinviV)- We will be interested in properties of affine actions on various Ba- 
nach spaces, with the linear part n isometric or uniformly bounded. A classi- 
cal theorem of Mazur and Ulam [43] states that a surjective metric isometry 
of a real Banach space is an affine isometry, see [53] for the proof 

A cocycle 6 : G — ' V for tt is said to be a coboundary if there exists a vector 
V eV, such that 

bg = TtgV-V, 

for every g cG. We denote by Z^(G,n) the linear space of cocycles for n, and 
the coboundaries form a space denoted B^(G,7r). 

Definition 6. The 1-cohomology group of G with coefficients in n is defined 
to be HHG,7i) = ZHG,7:)/BHG,7i). 

It is easy to verify that 6 is a coboundary satisfying bg = UgV - v if and 
only if u is a fixed point for the affine action determined by tt and b. This 
simple observation leads to a geometric interpretation of the vanishing of 
1-cohomology. 
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Proposition 7. H^{G,n) = if and only if every affine action with linear part 
n has a fixed point. 

See also [8,58]. 

3 Fixed points 

3.1 Kazhdan's property (T) 

Kazhdan's property (T) was introduced in [30] and since then has been inten- 
sively studied. A unitary representation tt of a finitely generated group G on 
a Hilbert space H has almost invariant vectors if for every e> there exists 
a non-zero vector v satisfying 

llTTsU-ullif <£||i;||, 

for every generator seG. 

Definition 8. A finitely generated group G has property (T) if every unitary 
representation n of G that has almost fixed vectors also has a non-zero fixed 
vector. 

It follows that an amenable group does not have property (T). Indeed, 
a characterization of amenability of a group G is that there exists a family 
{fi)im, fi^^2iG}, satisfying ||/"„|| = 1 and \\fn-^sfn\\ ^ yn for every generator 
s e G, where Agfig) = f{s~^g) is the left regular representation of G on ^2(G). 
(The fn can be taken to be the normalized characteristic functions of F0lner 
sets). Thus the fn are a sequence of non-zero almost invariant vectors for A, 
however it is clear that A does not have a non-zero invariant vector. 

In our setting it is much more natural to use a geometric characterization 
of property (T), known as the the Delorme-Guichardet theorem (see [8]). 

Definition 9. A finitely generated group G has Kazhdan's property (T) if and 
only if every affine isometric action of G on a Hilbert space has a fixed point. 

As mentioned earlier, an affine action (1) with a cocycle b has a fixed 
point V if and only iib g = v -UgV ior a\\ geG. Consequently, according to the 
definition of 1-cohomology, we have the following reformulation. 

Proposition 10. A group G has property (T) if and only if H^(G,n) = for 
every unitary representation n of G. 
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Property (T) is a strong property, it is satisfied by relatively few groups 
but has numerous applications, including finite generation of certain lattices 
[30], solution of the Ruziewicz problem [41, 67, 70], an explicit construction of 
expanders [40], various rigidity theorems for group actions and related oper- 
ator algebras. We recommend [8,38] for a thorough introduction to property 
(T). 

3.2 Generalizing (T) to other Banach spaces 

Definition 9 admits a natural generalization to normed spaces. Given a group 
G and a Banach space V we will thus be interested in the following property: 

Every affine isometric action ofGonV has a fixed point. 

Equivalently, 

H^{G,n) = for every isometric representation of G on V. 

Even though the case when V is the Hilbert space has been studied for 
several decades, for other Banach spaces such fixed point properties became 
an object of detailed study only recently. The articles [21] and [2] were the 
first systematic study of fixed point properties on Banach spaces. One can 
immediately expect difficulties, as the proofs in the Hilbert space case rely 
heavily on the features of inner product spaces such as orthogonality, in par- 
ticular existence of orthogonal complements, and self-duality. In other Ba- 
nach spaces neither of these is readily available. Every Banach space non- 
isomorphic to a Hilbert space contains a non-complemented closed subspace; 
computing dual spaces of closed subspaces of a Banach space V means com- 
puting quotients of V*; there is no standard notion of orthogonality between 
vectors in such vector spaces. All this turns statements which are evident in 
the Hilbert space setting into ones that are far from straightforward for other 
Banach spaces. In the next section we recall a useful result from the second 
paper, that also illustrates the difficulties one has to deal with when working 
outside of Hilbert spaces. 

3.3 Splitting off the invariant vectors 

Observe first that in a Hilbert space H, the space of invariant vectors of a 
(uniformly bounded) representation H*^ = {v eH : Jigv = v for all geG}, is 
closed and the representation ji preserves the orthogonal decomposition H = 
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We would like to have a similar decomposition for any isometric repre- 
sentation of G on any Banach space V. However, this is not automatic: as 
mentioned earlier, such a V always contains closed non-complemented sub- 
spaces whenever it is not isomorphic to the Hilbert space. 

Theorem 11 ([2]). Let n be an isometric representation of G on a uniformly 
convex uniformly smooth Banach space V. Then the subspace of invariant 
vectors is complemented in V. 

The argument is based on the fact that for a uniformly smooth space V ev- 
ery unit vector has a unique supporting functional u* of norm 1, which satis- 
fies (v,w) = \\v\\ = 1, where w & V* , if and only iiw = v* . The (non-linear) map 
S{V) S{V*), V ^ V* , between the unit spheres of V and V*, intertwines a 
representation nonV with its adjoint (contragradient) representation jf on 
V*, defined by 

In particular, if i; e V is fixed by n, then u * is fixed by n. The complement 
of the space of 7r-fixed vectors in V is then the annihilator of the jf-invariant 
vectors in V*. 

3.4 Bounded orbits vs fixed points 

For a large class of Banach spaces the existence of a fixed point for an affine 
isometric action is equivalent to existence of a bounded orbit, namely exis- 
tence of a vector v satisfying 

sup IIAyull < oo. 

If y is a separable uniformly convex Banach space then any bounded non- 
empty set K has a unique center, called the Chebyshev center It is the unique 
point V & V at which inf^ey inf {r>0 : K QB{v,r)} is attained. The existence 
of the Chebyshev center follows from the fact that for reflexive spaces the 
weak topology and the weak* topology coincide, and, consequently, closed 
bounded sets are weakly compact. Uniqueness is a consequence of uniform 
convexity. If now K is the closed convex hull of a bounded orbit of an affine 
action then the Chebyshev center of i^^ is a fixed point of the affine action. 

If V is a reflexive space then we can also apply the Ryll-Nardzewski to 
obtain a similar statement. 

Theorem 12 (The Ryll-Nardzewski fixed point theorem [68]). Let V be a 

Banach space and K cV be a non-empty weakly compact convex set. Then 
any group of affine isometrics ofK has a fixed point. 
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If y is reflexive then the above theorem can be appHed to the convex hull 
of a bounded orbit, producing a fixed point of the affine action. 

Note that if an affine action of G with linear part n and a cocycle b has 
two different fixed points v and u; in V, then 



for all ^ £ G and it follows that v — w is a non-zero jr-invariant vector. Con- 
sequently, if n does not have non-zero invariant vectors then fixed points are 
unique. 

We remark that in general, the boundedness of an orbit does not imply 
that the corresponding cocycle is a coboundary. The relation between bound- 
edness of a cocycle and being a coboundary for a representation n is encoded 
in the bounded cohomology, H^iG,n). 

3.5 The fixed point spectrum 

We first discuss the types of problems we will be interested in. Let 



denote the fixed point spectrum of the group G, with respect to the class of 
Lp -spaces. 



Problem 13. Given a finitely generated group G with property (T), determine 



In the next section we show that for a group with property (T), (1,2] Q 
J^{G). As pointed out by Drufu, in general it is only known that ^{G) is 
open in [l,oo). Above p = 2 this can be proved using a similar argument as 
Proposition 24 below. However, even the following natural question is open. 

Problem 14 (C. Drufu). Is S^{G) connected'? 

For instance, if G is a hyperbolic group with property (T) then it is only 
known that for some £ > 0, [2, 2 + e) £ =^(G) and that =^(G) is bounded, see 
Section 4.5. In certain cases an estimate on £(G) can also be given, see Section 



Problem 15. Given G with property (T), is there a critical value p >2 such 
that ^{G) = {l,p)? 

At present these problems are far from being understood. 



jigV -V = bg = UgW - w, 




p e(l,oo) 




3.8.2. 



10 



3.6 The case [1,2) 



We begin with a general result about the fixed point spectrum of groups with 
property (T). 

Theorem 16 ([2]), Let G have property (T). Then (1,2] e ^(G). 
Conversely, if p e (1,2) and p e ^(G) then 2 e ^(G). 

To prove the first claim assume the contrary. The metric on Lp for any 
< p < 2 is a negative definite function (see [9]) and the function (p{j) = \\by\\p 
is a negative definite function on G. However, a well-known characterization 
of property (T) states that any such cp has to be bounded on a group with 
property (T). The second claim follows from a result of Connes and Weiss 
[19], see also [23]. 

The case p = 1 is slightly different. The argument in the preceding para- 
graph implies that any affine isometric action of a property (T) group has a 
bounded orbit, however, since L i is not reflexive unless it is finite-dimensional, 
we cannot deduce the existence of a fixed point using the techniques described 
in Section 3.4. In fact, every group admits an isometric action without fixed 
points on a bounded convex subset of Li. An example of such an action is 
the translation action on the functions satisfjdng L^eG f(g) = 1- In [3] a fixed 
point theorem appropriate for this setting was proved. 

Theorem 17 ([3]). Let K qV bea non-empty, bounded subset of an L-embedded 
Banach spaces V. There exists a vector v eV such that any isometry UofV 
preserving A satisfies Uv = v. 

Since Li is L-embedded, the above theorem covers the remaining case 
p = 1. Additional quantitative estimates and applications can be found in [3]. 

3.7 Unbounded spectrum 

There are several results which show that certain groups have fixed points 
for all isometric actions on Lp-spaces for all 1 < p < oo; that is, ^{G) = [l,oo). 
They are obtained by different methods, which we discuss below. 

3.7.1 The Mazur map and almost invariant vectors 

The Mazur map Mp^g : S{Lp{D.,^)) S{Lq{D.,^)) between the unit spheres of 
Lp and is given by 

Mp,gfico)= \ f(co)\P'i signifiw)), 
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for every cj e D. and f £ S{Lp{^)). The Mazur map is a uniform homeomor- 
phism between the unit spheres of Lp, the modulus of continuity of Mp^g and 
its inverse, Af~^ = Mg^p is given by the inequahties 

y-f'\\L, < \\Mp,,f-Mp,gf'\\L^<C\\f-f'f^;i. 

As observed in [2], the Mazur map can be used to produce almost invari- 
ant (respectively, invariant) vectors for an isometric representation on Lp 
from almost invariant vectors (respectively, invariant) vectors of a represen- 
tation on L^. It turns out that even tough the Mazur map is non- linear, it 
intertwines representations on Lp spaces. The reason lies in the classifica- 
tion of isometries on these Banach spaces, proved originally by Banach [6] 
and extended by Lamperti [35]. Given an isometry U :Lp(f2,/i) — Lp{Q.,iJ,), 
where 1 < p <oo and p 7^ 2, there exists a transformation T : f2 — ► f2, and a 
function h:D.^C, such that 

Ufix) = f(T{x}}h(x). 

The Mazur map M2^p conjugates isometries of Lp(n, ju) into isometries on 
L2(fl,ju), by the formula 

n'g = Mp^2^gM2,p. 

Moreover, it carries Tr'-invariant vectors to Ti-invariant vectors, and almost 
invariant vectors for n to almost invariant vectors for n'. This last fact follows 
from uniform continuity ofMp g. Consequently, we have 

Proposition 18. Let G be a group with property (T) and let n be an isometric 
representation of G on an Lp-space. If n has almost invariant vectors then n 
has a non-zero invariant vector. 

The above is an Lp -version of the original definition of property (T) of 
Kazhdan (Definition 8), for all 2 < p < oo. However it turns out that it is 
not enough to deduce vanishing oiH^{G,n) for all isometric representations 
on Lp-spaces. As discussed later, hyperbolic groups with property (T) admit 
fixed point-free affine isometric actions on Lp -spaces for p sufficiently large. 

In the case of lattices in semisimple Lie groups additional properties al- 
low to make the passage from the "almost fixed vectors ^ fixed vector" def- 
inition to vanishing of cohomology. One such property is a version of the 
Howe-Moore property for semisimple Lie groups and isometric representa- 
tions on superreflexive Banach spaces, proved by Y. Shalom (see the proof in 
[2]). Let now ^j, i = 1,. . . ,m be local fields, Gt be Zariski connected simple kf 
algebraic groups of -rank at least 2, and Gi(ki)hQ their /jj -points. Denote 
G = n™ 1 Giiki). Such a G will be called a higher rank group. 
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Theorem 19 ([2]). Let T Q G be a lattice in a higher rank group. Then 
H^{T,ji) = for every isometric representation on Lp, 1 < p < oo. 

In particular, the above theorem applies to SL„(Z), n > 3. A similar ap- 
proach was used by M. Mimura, who extended the above theorem to the so 
called universal lattices. 

Theorem 20 ([45]). Let keN and n>4. Then i?^(SL„(Z[xi,...,x^]),7r) = 
for every isometric representation n on Lp, 1 < p < oo. 

Non-commutative Lp -spaces 

The Mazur map method was also extended in a different direction. Puschnigg 
showed that for certain isometric representations p of a higher rank lattice F 
on Schatten p -ideals "^piH) on a Hilbert space H, HHt,p) vanishes [66]. The 
point is to apply the strategy outlined in [2], together with a non-commutative 
version of the Mazur map. Shalom's version of the Howe-Moore property also 
applies here, since "^p are uniformly convex. The representations p for which 
this argument goes through are the ones induced by a representation of F on 
the Hilbert space H. 

A further extension of this result was given by Olivier [60], who applied 
a non-commutative Mazur map to obtain the vanishing of -f^^(F, p) for every 
isometric representation of a higher rank lattice F on a non-commutative 
Lp -space Lp(.J{), where ^ is a von Neumann algebra. A similar result for 
universal lattices SL„(Z[xi, . . . ,x^,]), n > 4, can be found in [46]. 

3.7.2 Gromov monsters 

Gromov monsters are random groups, which, in a certain metric sense, con- 
tain expanders in their Cayley graphs, see [1,25]. They have exotic geometric 
features: they do not admit a coarse embedding into the Hilbert space. In [49] 
fixed point properties of such groups were studied. 

Recall that for a graph F, the girth ^(F) denotes the length of the shortest 
non-trivial cycle. Let X be a metric space. We say that X admits a sequence 
of high-girth p -expanders if there exists k cN, constants C,D > and a se- 
quence of -regular finite graphs {F„}, where F„ = (y„,S„), and |V„| oo, 
such that 

1. ^(F„)>Clog|VJ, 

2. for every f -.Vn^ X the Poincare inequality holds: 

^ E dx(fiv),f{w)r<-^ X dx{f(v),f{w)r. 
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In other words, there exist p -expander graphs with respect to the geometry of 
X. In [25] Gromov suggested a construction of groups which do not coarsely 
embed into the Hilbert space. These groups are constructed by introducing 
infinitely many random relations, which are modeled on relations in labeled 
expander graphs. We refer to [1,49] for a detailed description of such groups. 
A metric space X is said to be p -uniformly convex if there exists C > such 
that for every triple of points x,y,z e X, every geodesic segment {yz], and 
every < i < 1 the inequality 

d(x, [yz]tY + Ct(l- t)d{y, zY <{1- t)d{x, yf + td{x, zf 

holds. Here {yz]t denotes the point on {yz] at distance td{y,z) from y. 

Theorem 21 ([49]), Let X be a p-uniformly convex metric space which admits 
a sequence of high girth p -expanders. Then for d>2 and k>l, with proba- 
bility 1, every isometric action of a Gromov monster group on X has a fixed 
point. 

The proof rests on the idea that for a bounded orbit, a Chebyshev center 
is a fixed point of an action. If the orbit is unbounded one can try to find 
certain averages over appropriate subsets of the group. It is proved in [49] 
that under the assumptions of the above theorem such averages converge to a 
fixed point for the action. Metric spaces to which Theorem 21 applies includes 
Lp -spaces, 1 < p < oo, and Euclidean buildings. 



3.7.3 Type > 1 

A remarkable result on the existence of fixed points on uniformly convex Ba- 
nach spaces is due to V. Lafforgue [34], who introduced in [33] a version of 
strengthened property (T) and studied its various applications. For a group 
G, property (T) can be characterized by the existence of a self-adjoint idem- 
potent p in the maximal C* -algebra CJ^„^(G), such that for every unitary 
representation tt of G on a Hilbert space H, the image oin{p) consists of the 
vectors fixed by n. 

Consider now representations n:G ^ B(H), satisf3dng 

lkrll^e"T\ (3) 

where Kj) denotes the length of 7 e G. Equip the complex group ring CG with 
the norm 

ll/ll/ =SUp||7r(/")||B(i/), 
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where the supremum is taken over all representations Ji satisfying (3). The 
algebra C^*(G) is defined to be the completion of CG under the norm || • 
C^*(G) is a Banach *-algebra. Observe, that in this language Cj^„^(G) is the 
algebra associated to the trivial length function. 

Definition 22 ([33]). A group G is said to have property (TR) if for every 
length function I on G there exists a constant s > such that for every c > 
there exists a self-adjoint idempotent p e CgUciG), such that for every repre- 
sentation n ofG on a Hilbert space H, satisfying ||7r(7)|| < eS^(r)+c^ thg image of 
nip) consists of the vectors fixed by n. 

There are several interesting facts about this notion, among them it was 
shown that infinite hyperbolic groups do not have property (TR). On the other 
hand, uniform lattices in SL3(IR) do have property (TR). 

More generally, Lafforgue also introduces a strengthened version of prop- 
erty (TR) with respect to the class of Banach spaces of type >1. He shows that 
the group SL3(F) and its uniform lattices, where F is a non-archimedean local 
field, have such a strong property (TR) with respect to Banach spaces with 
type > 1. In a subsequent article [34] the following fixed point property was 
proved. 

Theorem 23. Let G be a group with strong property (TR) with respect to 
the class of Banach spaces of type > 1. Then H^{G,n) = for every isometric 
representation of G on a Banach space with type > 1. 

In particular, if F is a non-archimedean local field then for a uniform lat- 
tice G Q SL3(F), H^{G,n) = for every isometric representation of G on a 
Banach space with type > 1. Lafforgue's methods were used recently in [36] 
to extend these results to simple algebraic groups of higher rank. 

3.8 Bounded spectrum 

A group G for which ^(G) = [l,oo) can be thought of as a very rigid group. 
However, from the point of view of the program outlined in Section 3.5, the 
case ^(G) 7^ [l,oo) seems to be much more difficult. Nevertheless certain 
methods are available and we discuss them below. 

3.8.1 A general result 

We begin with a general statement by D. Fisher and G. Margulis. The argu- 
ment was included in [2]. 
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Proposition 24, Let G be a group with property (T). Then there exists £(G) > 
0, such that H^{G,n) = for any isometric representation nofGonX = Lpijj) 
whenever 2 < p < 2 + £(G). 

The proof is based on taking an ultralimit of the spaces Lpifi), and corre- 
sponding actions, as p — ' 2, together with certain quantitative estimates. As 
observed by C. Drufu, the same argument also proves that ^{G) is an open 
subset of [l,oo). 

3.8.2 The spectral criterion in the reflexive setting 

The spectral method for proving property (T) is often referred to as the geo- 
metric method. The main idea, originating from the work of Garland [22], is 
that if a group G is acting on a simplicial 2-dimensional complex, in which 
links of all vertices have first positive eigenvalue of the Laplacian strictly 
greater than 1/2, then G has property (T). For Hilbert spaces this method 
was used in [5, 64, 76, 77]. A more general version, relying on the energy 
of harmonic maps, applies to metric spaces in general and has been used in 
[72,73] and discussed in [25, 3.11]. 

In [56] a version of the Garland method was extended from Hilbert spaces 
to reflexive Banach spaces. To state the theorem we first discuss Poincare 
inequalities and link graphs. 

Let r = iy,<§) be a finite graph, V a Banach space and 1 < p < oo. The 
p -Poincare inequality is the inequality 

Y^\\fiv)-Mf\\P,<KY^ X \\f(v)-fiw)\\^, (4) 

veY veY wEy ,v~w 

where Mf = — - Lyey f(v)deg(v) is the mean value of f. 

#y 

Definition 25. The Poincare constant 7c(p, V,r) of the graph T is the optimal 
constant k for which the inequality (4) holds. 

For p = 2 and y = IR the Poincare constant is the square root of the in- 
verse of Ai, the first non-zero eigenvalue of the discrete Laplacian on F. Thus 
the Poincare constant is a natural generalization of the spectral gap to the 
non-Hilbertian setting. Also note that by integration, jc(p,IR,r) = K(p,V,r). 
Estimating Poincare constants for various p and V is a difficult task even for 
relatively simple graphs. 

Definition 26. Let G be a group, generated by a finite generating set S = S~^, 
not containing the identity element. The link graph 5£iS) is a finite graph, 
defined as follows: 
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Figure 1: The link graph ^(S) of the generating set S = 
{(1,0),(-1,0),(0,1),(0,-1),(1,1),(-1,-1)} in Z2 



1. vertices of ^{S) are elements of S, 

2. two vertices s,t e S are connected by an edge if s~^t e S (equivalently, 
t-^seS). 

The Hnk graph is, in general, a non-regular graph, and for an arbitrary 
generating set it may turn out to be disconnected. However, given any gen- 
erating set S, the link graph of the generating set S' = {S uS^) \ {e} is con- 
nected. The eigenvalues of the Laplacian of the link graph have significant 
impact on the cohomology of the group. Given p we define p * by the relation 
1/p + l/p* = 1. 

Theorem 27 ([56]), Let G be a group, generated by a finite, symmetric set S, 
not containing the identity element and let V be a reflexive Banach space. If 

max \2-^'PKip,V,£^iS)),2-^'P'Kip*,V*,£^iS))j < 1, 

then H^iG, tt) = for every isometric representation n of G on V. 

Note that when p = p* =2 and Visa Hilbert space, then we obtain pre- 
cisely the spectral criterion in the form proved by Zuk [77] (see also [58] for 
a proof of Zuk's result). We remark that although the method presented be- 
low and the one used to prove Theorem 21 both rely on Poincare inequalities, 
they are different in nature: the latter applies to very exotic groups, but is 
insensitive to the exact value of the Poincare constant, while the method of 
Theorem 27 described below requires an estimate of the Poincare constant, 
but applies to well-behaved groups, such as hj^erbolic groups. 

The proof of the above theorem is entirely linear in nature and allows 
to obtain some additional information about the behavior of cocycles for iso- 
metric representations on reflexive Banach spaces. It also allows to estimate 
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Kazhdan-type constants for representations on Lp -spaces, and consequently 
eigenvalues of the discrete p-Laplacian on finite quotients of groups. 

Roughly speaking, the proof relies on methods of continuous homologi- 
cal algebra. If n is an isometric representation of G on a Banach space V , 
then showing that every cocycle is a coboundary amounts to showing surjec- 
tivity of the continuous operator dv(g) = JigV - v from the V onto the space 
of cocycles B^{G,n). By duality, this corresponds to the adjoint operator 
d* : B^iG,n)* — E* being bounded below; that is, d* is injective and has 
closed image. The calculations in [56] are performed on the restrictions of 
cocycles to the generating set S. In that setting the explicit formula for d* 
can be computed and it turns out that d* f can be expressed in terms of Mf, 
the mean value of f over the generators, for appropriate f. This allows to 
build a connection with Poincare inequalities on the link graph. 

Most importantly however, theorem 27 allows to obtain the first explicit 
lower bounds on £{G) such that [2,2 + £{G)) a ^{G) for certain groups, which 
we now discuss 

A 2 groups 

A2-groups are groups which act transitively on the vertices of a building of 
type A2 [18]. The fact that these groups have property (T) was first proved in 
[14], however this fact also follows from the spectral method. Indeed, these 
groups admit natural presentations for which the link graph is the incidence 
graph of a finite projective plane and these graphs have sufficiently large 
spectral gaps. Certain A2 groups are lattices in higher rank groups and the 
results of [2], described in Section 3.7.1, apply, giving ^{G) = [l,oo) for these 
groups. However, for other A2-groups the only known method of proving 
fixed point properties for Lp -spaces is the spectral method of Theorem 27 
and, although we can only prove that a certain explicit, bounded interval is 
contained in =^(G), it is likely that the following question has an affirmative 
answer 

Question 28. Let G be an A2-group. Is it true that ■!^{G) = [1,00)? 
Hyperbolic groups 

The Gromov density model for random groups allows to produce examples of 
hyperbolic groups with property (T). A group G in Gromov's density model 
Tin,k,d) is defined by a presentation G = {S\R}, where the generating set S 
satisfies #S = n, and the set of relations R consists of {2n — 1)^'^ relations, 
chosen independently and uniformly from the set of all relations of length k. 
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Given n e N and the density < d < 1, we say that a property P holds almost 
surely for groups in T{Ti,k,d) if 

lim P(G £ T{n,k,d) satisfies P) = 1. 

Gromov proved that if d < 1/2 then the group we obtain is almost surely 
hyperbolic. On the other hand, ii d > 1/3 then the resulting random group 
almost surely has property (T) [77], see also [32]. Applying interpolation one 
obtains an explicit number Cp{G) > 0, for which [2,2 + Cp{G)) £ ^(G). In the 
case of hyperbolic groups this has an additional consequence. 

Theorem 29 ([56]), Let G be a random hyperbolic group in the Gromov den- 
sity model with 1/3 <d< 1/2. Then confdim((3G) > Cp{G). 

The problem of estimating the conformal dimension of the boundary for 
random hyperbolic groups was posed by Gromov in [24]. We discuss the con- 
formal dimension briefly in section 4.5. Theorem 29 is a consequence of The- 
orem 27 and a result due to Bourdon and Pajot [10] that hyperbolic groups 
act without fixed points on L^-spaces, for p > confdim(5G), see section 4.5 for 
a discussion. 

The only other result in the direction of estimates of the conformal dimen- 
sion of the boundaries of random hyperbolic groups is due to J. Mackay [39], 
however it is very different in spirit. The random groups considered there 
are constructed using densities d < 1/16 and are a-T-menable by a result of 
Ollivier and Wise [59] (see Section 4). 

Remark 30 (Poincare constants.). An important step in obtaining lower esti- 
mates of the right hand end of the fixed point spectrum in the above method 
is an estimate of the Poincare constant. In general, various interpolation 
techniques can be applied here. The numerical values for e{G) obtained in 
[56] for A2-groups and random hyperbolic groups are between 2 and 2.2. A 
very broad open problem is the computation the optimal Poincare constants 
for various graphs, different values of p and Banach spaces V. Specific ex- 
amples of V for which there are virtually no estimates of Poincare constants 
include Schatten p-class operators "iop and p-direct sums of £q, p ^ q. 

We also would like to mention that a non-linear approach to Garland- 
type results, outlined by Gromov in [25, 3.11], was also used in the context of 
Banach spaces in [12,61]. 
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3.9 Uniformly bounded representations 

Extending cohomological vanishing to isometric representations on Banach 
spaces other than the Hilbert space is one direction, another is the extension 
of fixed point properties to a larger class of representations on the Hilbert 
space. Particularly interesting is the class of uniformly bounded representa- 
tions. A representation jt : G — ' B{H) into the invertible operators on some 
Hilbert space is said to be uniformly bounded if 

sup lljTgll < OO. 

A simple renorming oiH, 

lllulll = sup llTTgUll, (5) 

allows to view uniformly bounded representations on H as isometric repre- 
sentations on Banach spaces isomorphic to H. In this case the following ques- 
tion is natural. 

Question 31. Let G be a group with property (T). Is it true that H^{G,n) = 
for every uniformly bounded representation on a Hilbert space? 

In the case of lattices in higher rank groups and universal lattices the an- 
swer is affirmative [2,45]. Also in the case of Gromov monsters the argument 
in [49] can be used to show that such a fixed point property holds. However, in 
the case of other groups with property (T) things are much less clear. An un- 
published result of Y. Shalom states that the group Sp(n,l) has a uniformly 
bounded representation tt on a Hilbert space, for which /f^(G,7r) 7^ 0. The 
only other result in this direction concerns random hyperbolic groups. 

Theorem 32 ([56]). Let G be a random group in the Gromov density model 
with 1/3 <d < 1/2. Then almost surely H^{G,n) = Ofor every uniformly bounded 
representation on the Hilbert space, satisfying 

sup llTTg-ll < 
geG 

The above is an application of Theorem 27 applied to the Banach space H 
with the equivalent norm (5) and p = 2. A similar statement can be proved for 
A2-groups. Theorem 27 also applies to uniformly bounded representations on 
Lp -spaces for certain p. The following problem is open. 

Conjecture 33 (Y. Shalom). Let G be a non-elementary hyperbolic group. 
There exists a uniformly bounded representation of G on a Hilbert space, for 
which H^(G,n) ^ and for which there exists a proper cocycle. 
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Recently the spectral condition for vanishing of L2-cohomology was ex- 
tended to uniformly bounded representations in [31], significantly general- 
izing [56]. It allows to use the spectral criterion to show the vanishing of 
cohomology of groups acting on simplicial complexes and can be applied to 
examples of groups constructed in [5]. 

3.10 Reduced cohomology 

To finish the discussion of fixed points we would like to briefly mention the 
reduced cohomology and a growing body of work in the direction of vanishing 
of the reduced cohomology with values in uniformly bounded representations 
on reflexive Banach spaces. 

Let 7T be a uniformly bounded representation of a group G on a Banach 
space. The space of jr-cocycles, Z^(G,n), can be equipped with the topology 
of uniform convergence on compact subsets: a net of cocycles ba converges 
to b if for every compact subset K cG the restriction iba)\K converges to b\K 
in norm. (In the setting of finitely generated groups it suffices to consider 
convergence in norm on the generators.) We denote by B^(G,n) the closure of 
BHG,7i). 

Definiti on 34. T he reduced cohomology H^(G,n) is defined to be the quotient 
ZHG,7i)/BHG,7i). 

Observe that for a group generated by a finite set S the vanishing of 
H iG,n) is equivalent to the fact that for every Ti-cocycle b, there exists a 
sequence of vectors Vn^V such that 

\\bs-insVn-Vn)\\ ^0, 

for every generator s e G. Rearranging the terms we obtain 

\\{nsVn + bs)-Vn\\v = II Ast;„ - 1;„ || ^0, 

where AgV = JtgV + by is the affine actions associated to n and b. In other 
words, the sequence {u^} forms a sequence oi almost fixed points of the affine 
action A. 

Vanishing of the reduced cohomology was studied by Shalom in the set- 
ting of unitary representations on Hilbert spaces [69]. For V = £piG) the 
problem of vanishing the reduced cohomology is closely related to the prob- 
lem of vanishing of the reduced -cohomology. 

Conjecture 35 (Gromov). Let G be an amenable group. Then the reduced 
I p-cohomology ofG vanishes for 1 < p < oo. 
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The conjecture is motivated by the case p = 2: the vanishing of the re- 
duced ^2-cohomology of amenable groups is a classical results of Cheeger and 
Gromov [16]. We refer to [24] for an overview of this topic and to [11,42] for 
results on the case p # 2. 

More recently some results on reduced cohomology have been extended to 
the setting of reflexive spaces, see [4,57]. A fundamental technique in these 
considerations has become the Ryll-Nardzewski fixed point theorem [68]. 

4 Metrically proper actions 
4.1 a-T-menability 

a-T-menability was defined by Gromov, see [24], and independently in a dif- 
ferent setting by Haagerup [27]. It can be defined in terms of properties of 
affine isometric actions. 

Definition 36. Let n be a representation of G on a Banach space V. An affine 
isometric action with linear part n is metrically proper ifMvsig^oo WbgWv oo. 

Clearly, if G admits a metrically proper affine isometric action with linear 
part 71 then the cohomology H^{G,n) cannot vanish, since the coboundaries 
UgV - V are always bounded cocycles. 

Definition 37. A finitely generated group is called a-T-menable (or is said to 
have the Haagerup property) if it admits a proper affine isometric action on a 
Hilbert space. 

Examples of a-T-menable groups include amenable groups [7] and free 
groups [27], a-T-menability is also preserved by free products. We refer to 
[17, 58] and the references therein for more details. Aside from the relation 
to property (T), significant interest in a-T-menability is a consequence of a 
remarkable result of Higson and Kasparov. 

Theorem 38 ([26]). Let G be a finitely generated group. IfG is a-T-menable 
then the Baum-Connes conjecture holds for G. 

The Baum-Connes conjecture, whenever it is true, is a vast generaliza- 
tion of the Atiyah-Singer index theorem and has several important conse- 
quences, including the Novikov conjecture. See [58, Chapter 8] and [71]. a-T- 
menability is also an important property from the point of view of large scale 
geometry, we refer to [58] for details. 
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4.2 The case [1,2) 

We again begin with a general result. Similarly as for existence of fixed 
points, the behavior for -spaces between 1 < p < 2 is similar to the case 
p = 2. 

Theorem 39 ([54, 55]). A finitely generated group G is a-T-menable, if and 
only ifG admits a proper affine isometric action on Lp[0, 1] for every l<p<2. 

If G is a-T-menable then G admits a proper affine isometric action on 
Lp[0, 1] for every 1 < p < oo. 

The proof is an application of negative definite functions and a dynamical 
characterization of a-T-menability due to P. Jolissaint [17]. A similar fact for 
^p-spaces was proved in [15] using the geometry of median spaces. 

4.3 Amenable groups 

A very versatile method of constructing proper cocycles was presented by 
M. Bekka, P. -A. Cherix and A. Valette in [7]. They answered a question of 
Gromov, proving the following 

Theorem 40 ([7]). An amenable group G admits a proper, affine isometric 
action on a Hilbert space (i.e., is a-T-menable). 

The proof can be easily adapted to -spaces and in fact shows that any 
amenable group admits a proper affine isometric action on £p(X) for a count- 
able set X and for any 1 < p < oo. F0lner's characterization of amenability 
states that a group G is amenable if and only if there exists a sequence of 
finite set Fn^G such that 

#F^AsFn ^ 1 
"2"' 

If 

for every generator s e G. By defining /"„ = — we construct the isometric 

IIIfJIjd 

action on V = (©reeN^p(G^))p as follows. The representation on V is tt^ = 
0„eM Ag^, where is the left regular representation of G on ^p(G): 

'kgf{x) = f{g~^x), 

for every g,x^G. The cocycle is then defined by the formula 

~ ® fn ~ ^gfn- 

reeN 

One now verifies that b is well-defined and proper, both of these facts follow 
from the properties of the F0lner sequence {Fn}. Since V is isometrically 
isomorphic to dpiX) for a countable set X, the theorem follows. 
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4.4 Reflexive spaces 

In the same spirit as with property (T), we can generalize a-T-menabihty to 
any Banach space V, by asking if a group G admits a metrically proper affine 
isometric action onV. It turns out that already reflexivity is broad enough to 
allow a proper isometric action of any finitely generated group. 

Theorem 41 ([13]), Any finitely generated group G acts properly by affine 
isometries on the Banach space V = (©p=2,3,... ^p(G^))2- 

The idea for the proof is to show that every discrete group allows a version 

of amenability with respect to the Banach space coiG): for every n e N the 
f die,g) 1 

function f{g) = max -j 1 — ,0>, where e denotes the identity elements, is 

finitely supported, has co-norm 1 and satisfies 

\\f - ^s - fWco - — ) 

n 

for every generator s e G. Finite support allows to approximate the CQ-norm 
of \\f - XgfW by \\f - • fWe (G) as p ^ oo. Adapting the argument in [7] 
one then shows that the formula 6^ = © /" - A-gf defines a proper cocycle for 
the isometric representation ©A on (©peN^p(G^))2- 

4.5 Hyperbolic groups and Lp -spaces 

The most interesting case is the one of hyperbolic groups. The simplest exam- 
ple of a hyperbolic group, the free group F„ on n generators, is a-T-menable. 
In fact, one can construct an example of a proper affine isometric action using 
the geometric properties of the Cayley graph of F„. 

Consider the space (!2iE±), where Sj- denotes the set of pairs {s,t), where 
s~^t or t~^s is a generator of F„. In other words, E^. is the space of oriented 
edges of the Cayley graph associated to a symmetric set of generators. The 
group acts naturally onE+, inducing a representation of F„ on (2iE±). We 
define a cocycle bg for this representation to be the characteristic function 
of the union of all oriented edges on the unique path connecting g to the 
origin. It can be easily verified that 6 is a proper cocycle. Another argument 
to prove a-T-menability of F2 uses the GNS construction. It is easy to prove 
that the square of the metric on the tree, i.e., a Cayley graph of F2, is a proper 
negative definite function. Via the GNS construction such functions induce 
proper affine isometric action on the Hilbert space. 

The same strategy fails for more general hyperbolic groups. Indeed, as 
discussed earlier, some hyperbolic groups are known to have Kazhdan's prop- 
erty (T) and every affine isometric action on a Hilbert space has bounded 
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orbits. However, as it turns out, every hj^jerbolic group G admits proper 
isometric actions on Lp-spaces, for p = p{G) sufficiently large. 

The first result, that certain hyperbolic groups have fixed point free ac- 
tions on Lp -spaces for certain sufficiently large p >2, follows from the work 
Pansu [63], who showed that the Lp-cohomology of the group Sp(n,l) does 
not vanish in degree 1 for p > 4n + 2. It can be easily seen (see e.g., [42]) that 
this implies the existence of a fixed point free affine action for the regular 
representation on LpiG) for p >4n + 2. Note that since Sp(n, 1) has property 
(T), the above also implies that for p ^2 the two generalizations of property 
(T), are not equivalent: the fixed point property is stronger than the obvious 
generalization of Definition 8. 

Generalizing the case of Sp(n, 1), M. Bourdon and H. Pajot proved [10] 
that every non-elementary hyperbolic group has non-vanishing ^p-cohomology 
for p > confdimdG, the conformal dimension of G. Recall that the conformal 
dimension of the boundary of a hyperbolic group was defined by P. Pansu [62] 
to be the number 



where dim^^ denotes the Hausdorff dimension. We refer to [29] for an overview 
of the conformal dimension in the context of boundaries of groups. 

The non-existence of fixed points can be strengthened to existence of a 
proper cocycle. The first result was proved by G. Yu. 

Theorem 42 ([75]), Let G be a hyperbolic group. There exists p >2, which 
depends on G, such that G acts properly isometrically on £p{G x G). 

A version of the above theorem in the special case of fundamental groups 
of hyperbolic manifolds (the "classical" hyperbolic groups) can be found in 
[58]. The proof of Theorem 42 in [75] relies on an averaging construction 
of I. Mineyev [47, 48]. This construction allows to find discrete analogs of 
tangent vectors. 

A new construction has been given recently by B. Nica. 

Theorem 43 ([52]). Let G be a non-elementary hyperbolic group. Then G 
acts properly by isometrics on the space Lp{dG x dG), for every p > H{G), the 
hyperbolic dimension ofG. 

Actions of a hyperbolic groups on their boundaries are well-behaved, even 
if the group itself is not (e.g., has property (T)). Nica's beautiful construction 
also relies on Mineyev's averaging [48], however in a different way than Yu's 
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proof. Namely, he uses a new class of visual metrics on the boundary, that 
were constructed in [48], and that behave better in certain aspects than the 
standard visual metrics induced by the word length metric. 

One of the main points is a construction of an analog of the Bowen- 
Margulis measure on the product dG x dG. This measure is infinite but G- 
invariant. The construction of the cocycle is geometric in nature. The hyper- 
bolic dimension of F, HiT), introduced in [48], is modeled on the conformal 
dimension of the boundary, discussed earlier. 

Question 44. Does there exist a non-hyperbolic group G with property (T), 
such that ^{G) is bounded? 

5 Final remarks 

5.1 Groups of homeomorphisms 

We end with two open questions, both of which concern groups of homeomor- 
phisms of compact manifolds. 

Question 45. (G. Yu) Let G be a finitely generated subgroup of the diffeomor- 
phism group of a closed manifold M. Does G admit a proper affine isometric 
action on a uniformly convex Banach space? 

Even in the case of M = S"^ this problem is extremely interesting. For 
instance in [50] (see also [8]) it was proved that among groups of sufficiently 
smooth diffeomorphisms of there are no infinite Kazhdan groups. 

Theorem 46. [50, 51] Let G be a group with [2,2 + c(G)) £ ^(G). For any 

a > — — - and any homomorphism (p : G Diff^"'""(S-'^)j the image (p{G) is a 
c{G) 

finite cyclic group. 

Another question concerns mapping class groups. It is natural to ask 
if they admit proper affine isometric actions on uniformly convex Banach 
spaces. In fact we have the following attractive conjecture. 

Conjecture 47 (B. Nica). The mapping class group of a surface admits a 
proper affine isometric action on an Lp-space for some sufficiently large p = 
p(G)e[2,oo). 
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5.2 Relative fixed point properties 



Let G be a group and Q £ G be a non-compact subset. For a Banach space V 
we can define a fixed point property relative to Q by requiring that any affine 
isometric action A of G on a Banach space V has a point fixed by Q : 

AgV = V, 

for every g eQ. It is customary to consider Q = H tohe a subgroup of G. For 
Hilbert space this property is known as the relative property (T). For other 
Banach spaces such properties have not been studied. 
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